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In this work, we show that Lorentz invariant theories in 1+1 dimensions admit new terms inspired
by Very Special Relativity (VSR) theories. We have studied the Schwinger model in VSR. We show
the axial current is classically conserved in the presence of a mass term coming from the VSR
invariant terms but without standard Lorentz invariant mass. Furthermore, it is shown that both
the vector current as well as the axial current are modified with respect to the free case when the
fermion is coupled to an external electromagnetic field due to the nonlocal operator present in the
theory. The axial anomaly is computed, and we found the same standard topological invariant with
a modification in the coefficient.
I. INTRODUCTION
Quantum Electrodynamics in 1 + 1 dimensions (QED2) has been studied, and it has an exact solution discovered
by Schwinger[1] when the fermion remains massless. In this model, called Schwinger Model, the photon acquires a
mass e2/pi. This model has been studied and reviewed extensively (see for example [2–5]) since this model presents
confinement, because in two-dimensional space-time the Coulomb potential increases linearly, and it prevents the
fermions to become free[6, 7]. Interesting properties as the nontrivial vacuum structure were studied in the work of
Lowenstein and Swieca[8]. Moreover, instantons in this model have been analyzed by Smilga[9]. In addition, despite
the massive Schwinger model is not exactly solvable, it has been reviewed too[10, 11]. Another essential feature in
the Schwinger model is the presence of the chiral anomaly, which is easier to compute than in four dimensions. The
axial vector current, which classically is conserved, gets a new term after radiative corrections. Thus,
∂µj
µ5 =
e
2pi
µνFµν . (1)
For good reviews of this anomaly using a perturbative treatment see [12, 13].
Anomalies have not been studied yet in the context of SIM(2) invariant theories. These theories began with
the claim of Cohen and Glashow that nature could be described only with the Lorentz subgroup SIM(2)[14]. This
theory, studied in four dimensions and called Very Special Relativity (VSR), does not have invariant tensors, and it
has the same important features of Special Relativity, like time dilation, velocity addition, and maximum attainable
velocity. Under this framework, a fixed null vector n transforms with a phase. Hence, new invariant terms like
n · p/n · q can be constructed in the lagrangian. As a consequence of this, the neutrino gets mass without new
particles or violation of leptonic number[15]. In four dimensions VSR has been studied in electrodynamics[16], and
an important feature is the possibility and new consequences of a non-violating gauge invariant photon mass[17].
Also, the electroweak model under this formalism has been reviewed[18]. In addition, we found VSR studies in locally
anisotropic cosmology[19], considering two-time physics[20], curved space-time[21] and using gaugeon formalism[22].
In this work, we will focus our attention on two dimensions instead of four, and we will analyze the chiral anomaly
in the VSR-QED without the standard Lorentz invariant mass. The anomaly computation is easier than in four
dimensions and it is simpler to test the new VSR-like terms here before we apply them in four-dimensional models.
Meanwhile we have to keep in mind that in lower dimensions we have less degrees of freedom than in real life.
In fact there are not true dynamical degrees of freedom associated with the electromagnetic field in two dimensions[11].
Thus, the outline of this work is as follows. In section II we will analyze the Lorentz group for two dimensions
and the connection with VSR theories. In section III we will review the classical conservation of the free vector
and axial current under the VSR formalism. In section IV we will derive the vector and axial current when the
fermion is coupled with an external electromagnetic field. Section V presents the path integral view of the lagrangian
reviewed in section IV, and we will compute the vacuum polarization of the photon. In section VI, we will compute
the expectation value of the vector current. In section VII, we present the result of the axial anomaly in the VSR two
dimensional model, and finally, in section VIII, we will summarize and highlight the results.
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2II. LORENTZ GROUP IN 1+1 DIMENSIONS
We recall the Lorentz group as the group of transformations that left invariant the metric
gµν = gρσΛµρΛ
ν
σ. (2)
In two dimensions we choose the metric as g = diag(1,−1). If we consider an infinitesimal transformation Λµρ = δµρ+ωµρ ,
it is easy to see that ωµν = ωµρ g
ρν is antisymmetric. Thus, due to the antisymmetry, the Lorentz group in 1 + 1
dimensions has only one parameter. It means we have one generator of the Lorentz group. We define it as
K =
(
0 1
1 0
)
. (3)
We notice that we can construct the Lorentz transformations applying successive transformations to the identity
Λ(θ) = exp (Kθ), (4)
where θ is a parameter. With this, the transformation reads
Λ =
(
cosh θ sinh θ
sinh θ cosh θ
)
. (5)
We can check Λ effectively satisfies the identity (2). Moreover, is easy to see there are not invariant tensors under
this transformation. However, if we observe the following null vector
n =
(
1
1
)
, (6)
it transforms with a phase under this transformation, Λn = eθn. Therefore, we can add to the lagrangian terms with
fractions which contain n as in the numerator as in the denominator, because they are invariant under the Lorentz
transformation. This kind of terms have been studied in four dimensional VSR theories (see for instance [15–18]),
where the null vector (1, 0, 0, 1) transforms in the same way under SIM(2) group transformations. Nevertheless, these
terms have not been incorporated in two dimensional works in Lorentz invariant theories and they could be added.
III. CLASSICAL AXIAL AND VECTOR CURRENTS FOR FREE VSR FERMIONS
Since the two dimensional Lorentz theories admit terms with the null vector n = (1, 1) we proceed as in the VSR
theories. The general VSR lagrangian for a free fermion is given by
 L = ψ¯
(
i/∂ −M + im
2
2
/n
n · ∂
)
ψ. (7)
Here, we use the slash notation /n = γµnµ and /∂ = γ
µ∂µ. The γ
µ are the gamma matrices, which we have chosen in
two dimensions as
γ0 =
(
0 −i
i 0
)
, γ1 =
(
0 i
i 0
)
. (8)
Also, we can define γ5 = γ0γ1, which will be useful later. In this representation, γ5 is given by
γ5 =
(
1 0
0 −1
)
. (9)
In addition m is a mass parameter in the SIM(2) theory which parametrizes the deviations of the Lorentz Symmetry.
Also, we can associate this parameter with the neutrino mass (see [15]). We notice if m→ 0, we recover the standard
result. In addition, M is the standard Lorentz invariant fermion mass. We will consider from here M = 0 to study
the Schwinger model in VSR. Nevertheless, under this assumption, our model is a fermion with a small mass m.
3Although there is not standard mass, our fermion is massive due to the VSR term. Thus, in VSR we have a slightly
different massive Schwinger model. Also, ψ is a two component spinor. As M = 0, the lagrangian is
 L0 = ψ¯
(
i/∂ + i
m2
2
/n
n · ∂
)
ψ. (10)
From the equation (10) we compute the equations of motion for ψ¯ and ψ
ψ¯
(
−i
←
/∂ − im
2
2
/n
n ·
←
∂
)
= 0 (11)(
i/∂ + i
m2
2
/n
n · ∂
)
ψ = 0 (12)
where
←
∂ indicates the derivative acts over the object in the left. If we multiply by ψ in the right in (11) an by ψ¯ in
the left in (12) and we sum both we get
∂µ
(
ψ¯γµψ +
m2
2
(
1
n · ∂ ψ¯
)
/nnµ
(
1
n · ∂ψ
))
= 0. (13)
Therefore, we define the expression in the bracket as the free vector current
jµfree = ψ¯γ
µψ +
m2
2
(
1
n · ∂ ψ¯
)
/nnµ
(
1
n · ∂ψ
)
. (14)
We can proceed in an analogue way to define the axial current jµ5 as
jµ5free = ψ¯γ
µγ5ψ +
m2
2
(
1
n · ∂ ψ¯
)
/nγ5nµ
(
1
n · ∂ψ
)
. (15)
We observe that ∂µj
µ
free = 0 and ∂µj
µ5
free = 0; thus, both currents are conserved at the classical level.
In two dimensions the relation γµγ5 = −µνγν holds, where µν is the two-dimensional Levi-Civita symbol. Hence,
we apply this relation in the equation (15) and we use the equation (14) to get
jµ5free = −µνjfreeν +
m2
2
(
1
n · ∂ ψ¯
)
(µν/nnν + /nγ
5nµ)
(
1
n · ∂ψ
)
. (16)
Since n0 = n1 = 1 and n0 = −n1 = 1 we found µν/nnν + /nγ5nµ = 0. Thus
jµ5free = −µνjfreeν , (17)
as in the standard case.
IV. CURRENTS FOR FERMIONS IN AN EXTERNAL ELECTROMAGNETIC FIELD
Let us consider the lagrangian for a fermion with only a VSR mass term coupled with an external electromagnetic
field Aµ.
 L = ψ¯
(
i /D + i
m2
2
/n
n ·D
)
ψ, (18)
where Dµ = ∂µ + ieAµ. From this lagrangian we get the equations of motion for ψ and ψ¯(
i /D + i
m2
2
/n
n ·D
)
ψ = 0, (19)
(D†µψ¯)γ
µ +
1
2
m2
(
1
n ·D† ψ¯
)
/n = 0, (20)
4where the operator D†µ is defined as D
†
µ = ∂µ − ieAµ.
We proceed similarly as in the free case, multiplying by ψ¯ in the left in (19), by ψ on the right in (20) and sum
both. It results in
∂µ(ψ¯γ
µψ) +
1
2
m2
[
ψ¯/n
(
1
n ·Dψ
)
+
(
1
n ·D† ψ¯
)
/nψ
]
= 0. (21)
We can rewrite this expression as
∂µ
[
ψ¯γµψ +
1
2
m2
(
1
n ·D† ψ¯
)
/nnµ
(
1
n ·Dψ
)]
= 0. (22)
Thus, the current in this case is given by
jµ = ψ¯γµψ +
1
2
m2
(
1
n ·D† ψ¯
)
/nnµ
(
1
n ·Dψ
)
. (23)
We notice the current for the fermion in the electromagnetic field is modified. Due to the non local term (n ·D)−1
the current jµ acquires a new dependence on A. We proceed in an analogue way to get jµ5 and we get:
jµ5 = ψ¯γµγ5ψ +
1
2
m2
(
1
n ·D† ψ¯
)
/nnµγ5
(
1
n ·Dψ
)
(24)
Despite the modification of the current from its free counterpart, for the axial and vector currents the relation
jµ5 = −µνjν , (25)
still holds, and they are classically conserved (∂µj
µ = ∂µj
µ5 = 0).
Notice that both currents are gauge invariant under ψ → e−ieχψ and Aµ → Aµ + ∂µχ. Then we can work in the
gauge n ·A = 0. In this gauge both currents reduce to the free case currents.
V. PATH INTEGRAL, FEYNMAN RULES AND PHOTON SELF-ENERGY
In this section we will analyze the fermion coupled to an external electromagnetic field using the path integral
formalism. The generating functional for this situation is given by
Z =
∫
Dψ¯Dψ exp
{
i
∫
d2xψ¯
(
i /D + i
m2
2
/n
n ·D
)
ψ
}
. (26)
From the equation (26) we get the Feynman rules for VSR-QED. Due to the nonlocal term (n ·D)−1 there will be
an infinite number of vertices in the series. However, if we work in the Light Cone Gauge (LCG) those vertices with
two or more photon legs will not contribute. Nevertheless, for the general case, we list in figure 1 the Feynman rules
including the first new vertex.
To see how it works, we will compute the lowest order vacuum polarization Πµν in two dimensions. We observe a
new diagram appears due to the new vertex coming from the non-local operator expansion, which is displayed in the
figure 2.
As we mentioned before, in the light cone gauge the operator (n ·D)−1 reduces to (n · ∂)−1. Here, we will compute
the diagrams without working in a specific gauge to show the result satisfies the Ward identity. In the next section,
when we will compute the currents, for the sake of simplicity, we will use the light cone gauge. Therefore, using the
Feynman rules in the figure 1 the vacuum polarization is written as
iΠ1µν = −e2
∫
d2p
(2pi)2
1
(p2 −m2 + iε)((p− q)2 −m2 + iε) tr
{(
γµ +
1
2
m2
6 nnµ
n · pn · (p− q)
)(
/p− m
2
2
/n
n · p
)
×
(
γν +
1
2
m2
/nnν
n · pn · (p− q)
)(
/p− /q − m
2
2
/n
n · (p− q)
)}
, (27)
iΠ2µν = −1
2
e2m2nµnν
∫
d2p
(2pi)2
1
(n · p)2
(
1
n · (p+ q) +
1
n · (p− q)
)
1
p2 −m2 + iε tr
{
/n
(
/p− m
2
2
6 n
n · p
)}
. (28)
5FIG. 1: Useful Feynman rules in VSR-QED.
FIG. 2: Photon vacuum polarization diagrams in VSR.
We proceed using dimensional regularization. In order to compute the SIM(2) integrals we use the following
decomposition formula
1
(n · (p+ ki))(n · (p+ kj)) =
1
n · (ki − kj)
(
1
(n · (p+ kj) −
1
n · (p+ ki)
)
, (29)
Next, we make a change of variables wherever is necessary, and the integrals with (n · p)−1 are computed using the
Mandelstam-Leibbrandt prescription. The important formulas were derived in [25] starting from a symmetry property
of n and a new null vector n¯ introduced to regulate the integrals. These integrals are listed in the Appendix A. The
introduction of the new null vector n¯ breaks the SIM(2) invariance. To recover it we follow the reference [26] trading
n¯ with a linear combination of n and the external momentum as
n¯µ = − q
2
2(n · q)2nµ +
qµ
n · q . (30)
After the calculation we get
iΠµν = α(q
2)
[
q2gµν − qµqν
]
+ β(q2)
[
−gµν + nνqµ + nµqν
n · q − q
2 nµnν
(n · q)2
]
, (31)
6where
α(q2) = − ie
2
pi
∫ 1
0
dx
(
x(1− x)
m2 − x(1− x)q2 − iε
)
, (32)
β(q2) =
ie2m2
2pi
∫ 1
0
dx
xq2
(m2 − xq2 − iε)(m2 − x(1− x)q2 − iε) . (33)
The equation (31) satisfies the Ward identity qµΠ
µν = 0 as it is required by the gauge invariance. From the
expressions (32) and (33) we see that α(0) is finite and β(0) = 0. It means in the two dimensional QED-VSR the
photon does not get mass, as in the standard QED.
When m2 goes to zero in (32) and (33) we recover the standard result. Here, as the VSR result contains the mass
term, when we perform the limit ε → 0 we observe in α(q2) there is a branch cut where m2 − x(1 − x)q2 < 0. The
product x(1 − x) is at most 1/4. Hence, the branch cut begins at q2 = 4m2, which corresponds to the threshold for
the creation of an electron-positron pair. So, the theory admits pair production in two dimensions.
We will leave the expressions for α(q2) and β(q2) in this way to move on to the computations of the currents and
next, the axial anomaly, where only α(q2) will be necessary. The integrals are computed in the Appendix B.
VI. VECTOR CURRENT
Now, we will compute expectation value for the current jµ. From the generating functional in the equation (26)
we can get the effective action Γ using Γ = logZ. The current is obtained deriving respect to Aµ,
〈jµ〉 = δΓ
δAµ
. (34)
Thus, we have
〈jµ〉 = 1
Z
∫
Dψ¯Dψ
(
ψ¯γµψ +
1
2
m2
(
1
n ·D† ψ¯
)
/nnµ
(
1
n ·Dψ
))
exp
[
i
∫
d2xL
]
. (35)
We will work in the LCG and we get
〈jµ〉 = 1
Z
∫
Dψ¯Dψ
(
ψ¯
(
γµ +
m2
2
/nnµ
(n ·
←
∂ )(n · ∂)
)
ψ
)
exp
[
i
∫
d2xL0
]
exp
[
−ie
∫
d2xψ¯ /Aψ
]
, (36)
where we recall L0 is the free fermion lagrangian in the equation (10). We proceed perturbatively only to one loop,
because following the argument in [13], the chiral anomaly is exact at one loop. Although the argument was used
in the standard computation, it holds here, since we can interpret the anomaly topologically. Thus, as topological
quantities cannot change continuously, perturbative corrections at higher than one loop should not appear. Hence
〈jµ(x)〉 = lim
x′→x
tr
[(
γµ +
1
2
m2
1
n · ∂x′ /nn
µ 1
n · ∂x
)
SF (x− x′)
]
− lim
x′→x
ie
∫
d2y tr
[(
γµ +
1
2
m2
1
n · ∂x′ /nn
µ 1
n · ∂x
)
SF (x− y) /A(y)SF (y − x′)
]
.
(37)
Where, we have replaced the dependence on x in ψ¯ with the limit x′ → x to distinguish where the non-local operator
n · ∂ acts, and we indicate with a subscript in the partial derivatives the variable to be derived. We write the above
expression in the Fourier space and after some algebra we get
〈jµ(q)〉 = (−ie)
∫
d2p
(2pi)2
tr
(γµ + 1
2
m2
/nnµ
(n · (p− q))(n · p)
)
i
/p− m22 /nn·p
(γν)
i
/p− /q − m22 /nn·(p−q)
Aν(q). (38)
7This object is the same vacuum polarization after using the condition n · A = 0, except an i/e factor. Thus, the
expectation value for the current is given by
〈jµ(q)〉 = i
e
α(q2)
[
q2Aµ − qµq ·A]+ i
e
β(q2)
[
−Aµ + n
µq ·A
n · q
]
. (39)
We notice the expectation value of the current is conserved, qµ〈jµ(q)〉 = 0.
VII. AXIAL ANOMALY
We will compute the expectation value for jµ5. We use the equation (25), which relates jµ with jµ5, and we use
the equation (39) to get
jµ5 = − i
e
α(q2)µν
[
q2Aν − qνq ·A
]− i
e
β(q2)µν
[
−Aν + nνq ·A
n · q
]
. (40)
We contract (40) with qµ and we write it in terms of Fµν . Therefore,
qµ〈jµ5〉 = − i
e
[
(α(q2)q2 − β(q2))1
2
εµνFµν(q)− β(q2)n
αqβFαβ
(n · q)2 
µνqµnν
]
. (41)
Seemingly, a new anomaly term appears. Nevertheless, since we are working in two dimensions is easy to see that
nαqβFαβ =
1
2ε
µνnµqνε
αβFαβ . Thus,
qµ〈jµ5〉 = − i
e
[
(α(q2)q2 − β(q2))1
2
εµνFµν(q) + β(q
2)
(εαβnαqβ)
2
2(n · q)2 ε
µνFµν
]
. (42)
In addition, using n0 = −n1 = 1 we get as result
εαβnαqβ
n · q = 1, (43)
Therefore, the terms with β(q2) cancel out and we get
qµ〈jµ5〉 = − i
2e
α(q2)q2εµνFµν(q), (44)
We use the result for α(q2) in the appendix B and finally
qµ〈jµ5〉 =
 e
2pi
+
em2
piq2
√
1− 4m2−iεq2
log
 1 +
√
q2−4m2+iε
q2
−1 +
√
q2−4m2+iε
q2
 εµνFµν(q). (45)
In the limit m→ 0, we recover the standard result. In that case, the equation (45) reduces to the result displayed
in the equation (1). In the limit q2 → 0 and ε→ 0 the result is zero. So, the anomaly vanishes. The standard result
reached in the limit m → 0 is equivalent to take q → ∞. Thus, our result interpolates between large momentum
(short distances) where an anomaly is appreciated and the low momentum (large distances) where there is not
anomaly. Furthermore, we see in the equation (45) that the same topological invariant appears as in the standard
computation. However, there is a modification in the coefficient next to the anomaly term due to the VSR term.
8VIII. CONCLUSIONS
The existence of the null vector n = (1, 1) that transforms by a phase in the two dimensional Lorentz group
allowed us to study the Schwinger model under the VSR framework. Terms which contains n in fractions could be
incorporated elsewhere.
We have found in section V that the photon does not receive a mass since α(0) is finite and β(0) = 0. This result
is completely different from the Schwinger work in the standard QED2, where the photon acquires a mass e
2/pi. In
addition, from the vacuum polarization computation, we observe pair production in this model.
Both the free vector current and the free axial current change when we couple the fermion with only a VSR mass
to an external electromagnetic field due to the non-local operator (n ·D)−1. However, it reduces to the free case in
the light cone gauge n · A = 0. Since the VSR current is different from the standard case, our calculation of the ax-
ial anomaly presents a difference in the coefficient which accompanies the anomaly term respect to the standard result.
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Appendix A: Integration with (n · p)−1
In this appendix we list the main integrals needed to compute our expressions with (n · p)−1 in the paper, which
are obtained from ref.[25]. They are∫
dp
1
(p2 + 2p · q −m2)a
1
(n · p)b = (−1)
a+bipiω(−2)b Γ(a+ b)
Γ(a)Γ(b)
(n¯ · q)b
∫ 1
0
dttb−1
1
(m2 + q2 − 2(n · q)(n¯ · q)t)a+b−ω ,
(A1)
with ω = d/2.
Taking a derivative with respect to q in (A1) we get∫
ddp
pµ
(p2 + 2p · q −m2)a+1
1
(n · p)b = (−1)
a+bipiω(−2)b−1 Γ(a+ b− ω)
Γ(a+ 1)Γ(b)
(n¯ · q)b−1bn¯µ
∫ 1
0
dttb−1
1
[m2 + q2 − 2(n · q)(n¯ · q)t]a+b−ω
+ (−1)a+bipiω(−2)bΓ(a+ b+ 1− ω)
Γ(a+ 1)Γ(b)
(n¯ · q)b
∫ 1
0
dttb−1
qµ − t(n · qn¯µ + n¯ · qnµ)
[m2 + q2 − 2(n · q)(n¯ · q)t]a+b+1−ω .
(A2)
Taking a second derivative the integral is
∫
ddp
pµpν
(p2 + 2p · q −m2)a+2
1
(n · p)b = (−1)
a+bipiω(−2)b−2 ×
×
{
Γ(a+ b− ω)
Γ(a+ 2)Γ(b− 1)(n¯ · q)
b−2bn¯µn¯ν
∫ 1
0
dttb−1
1
(m2 + q2 − 2(n · q)(n¯ · q)t)a+b−ω
−2Γ(a+ b+ 1− ω)
Γ(a+ 2)Γ(b)
(n¯ · q)b−1bn¯µ
∫ 1
0
dttb−1
qν − t(n · qn¯ν + n¯ · qnν)
(m2 + q2 − 2(n · q)(n¯ · q)t)a+b+1−ω
−2Γ(a+ b+ 1− ω)
Γ(a+ 2)Γ(b)
(n¯ · q)b−1 bn¯ν
∫ 1
0
dttb−1
qµ − t(n · qn¯µ + n¯ · qnµ)
(m2 + q2 − 2(n · q)(n¯ · q)t)a+b+1−ω
+4
Γ(a+ b+ 2− ω)
Γ(a+ 2)Γ(b)
(n¯ · q)b
∫ 1
0
dttb−1
[qν − t(n · qn¯ν + n¯ · qnν)][qµ − t(n · qn¯µ + n¯ · qnµ)]
(m2 + q2 − 2(n · q)(n¯ · q)t)a+b+2−ω
−2Γ(a+ b+ 1− ω)
Γ(a+ 2)Γ(b)
(n¯ · q)b
∫ 1
0
dttb−1
gµν − t(nν n¯µ + n¯νnµ)
(m2 + q2 − 2(n · q)(n¯ · q)t)a+b+1−ω
}
(A3)
9Appendix B: Solution of the integrals in the vacuum polarization
Here we will compute α(q2) and β(q2). We recall the expressions (32) and (33)
α(q2) = − ie
2
pi
∫ 1
0
dx
(
x(1− x)
m2 − x(1− x)q2 − iε
)
, (B1)
β(q2) =
ie2m2
2pi
∫ 1
0
dx
xq2
(m2 − xq2 − iε)(m2 − x(1− x)q2 − iε) . (B2)
To simplify the computation we split in partial fractions as α(q2) as β(q2). To do this in β(q2) is essential to keep
m2 6= 0. After this, we have
α(q2) =
ie2
piq2
+
ie2m2
pi(q2)2
√
1− 4m2−iεq2
(I1 − I2), (B3)
β(q2) =
ie2
4pi
 1√
1− 4m2−iεq2
+ 1
 I1 − ie2
4pi
 1√
1− 4m2−iεq2
− 1
 I2 − ie2
2pi
I3, (B4)
where the terms I1, I2 and I3 are defined as
I1 =
∫ 1
0
dx
1
x− 12
(
1−
√
1− 4m2−iεq2
) , (B5)
I2 =
∫ 1
0
dx
1
x− 12
(
1 +
√
1− 4m2−iεq2
) , (B6)
I3 =
∫ 1
0
dx
1
x− m2−iεq2
. (B7)
We solve the integrals and we get
I1 = log
 1 +
√
q2−4m2+iε
q2
−1 +
√
q2−4m2+iε
q2
 , (B8)
I2 = log
−1 +
√
q2−4m2+iε
q2
1 +
√
q2−4m2+iε
q2
 , (B9)
I3 = log(q
2 −m2 + iε)− log(−m2 + iε). (B10)
and the values of α(q2) and β(q2) are
α(q2) =
ie2
piq2
+
2ie2m2
pi(q2)2
√
1− 4m2−iεq2
log
 1 +
√
q2−4m2+iε
q2
−1 +
√
q2−4m2+iε
q2
 , (B11)
β(q2) = − ie
2
2pi
[log(q2 −m2 + iε)− log(−m2 + iε)] + ie
2
2pi
√
1− 4m2q2
log
 1 +
√
q2−4m2+iε
q2
−1 +
√
q2−4m2+iε
q2
 . (B12)
[1] J. S. Schwinger, “Gauge Invariance and Mass. 2.,” Phys. Rev. 128, 2425 (1962).
[2] E. Abdalla, “Two-dimensional quantum field theory: Examples and applications,” hep-th/9704192.
[3] E. Abdalla, M. C. B. Abdalla and K. D. Rothe, “Nonperturbative methods in two-dimensional quantum field theory,”
Singapore, Singapore: World Scientific (1991) 728 p
10
[4] W. Dittrich and M. Reuter, “Selected Topics in Gauge Theories,” Lect. Notes Phys. 244, 1 (1986).
[5] N. S. Manton, “The Schwinger Model and Its Axial Anomaly,” Annals Phys. 159, 220 (1985).
[6] D. Wolf and J. Zittartz, “Physics of the Schwinger Model,” Z. Physik B - Condensed Matter (1985) 59: 117.
[7] A. Casher, J. B. Kogut and L. Susskind, “Vacuum polarization and the absence of free quarks,” Phys. Rev. D 10, 732
(1974).
[8] J. H. Lowenstein and J. A. Swieca, “Quantum electrodynamics in two-dimensions,” Annals Phys. 68, 172 (1971).
[9] A. V. Smilga, “Instantons in Schwinger model,” Phys. Rev. D 49, 5480 (1994) [hep-th/9312110].
[10] S. R. Coleman, R. Jackiw and L. Susskind, “Charge Shielding and Quark Confinement in the Massive Schwinger Model,”
Annals Phys. 93, 267 (1975).
[11] S. R. Coleman, “More About the Massive Schwinger Model,” Annals Phys. 101, 239 (1976).
[12] M. E. Peskin and D. V. Schroeder, “An Introduction to quantum field theory,” Addison-Wesley (1995), chapter 19.1.
[13] J. A. Harvey, “TASI 2003 lectures on anomalies,” hep-th/0509097.
[14] A. G. Cohen and S. L. Glashow, “Very special relativity,” Phys. Rev. Lett. 97, 021601 (2006) hep-ph/0601236.
[15] A. G. Cohen and S. L. Glashow, “A Lorentz-Violating Origin of Neutrino Mass?,” hep-ph/0605036.
[16] S. Cheon, C. Lee and S. J. Lee, “SIM(2)-invariant Modifications of Electrodynamic Theory,” Phys. Lett. B 679, 73 (2009)
[arXiv:0904.2065 [hep-th]].
[17] J. Alfaro and A. Soto, “On the photon mass in Very Special Relativity,” arXiv:1901.08011 [hep-th].
[18] J. Alfaro, P. Gonzalez and R. Avila, “Electroweak standard model with very special relativity,” Phys. Rev. D 91, 105007
(2015) Addendum: [Phys. Rev. D 91, no. 12, 129904 (2015)] [arXiv:1504.04222 [hep-ph]].
[19] A. P. Kouretsis, M. Stathakopoulos and P. C. Stavrinos, “The General Very Special Relativity in Finsler Cosmology,”
Phys. Rev. D 79, 104011 (2009) [arXiv:0810.3267 [gr-qc]].
[20] J. M. Romero, E. Escobar and E. Vazquez, “Free particle in very special relativity, gauge symmetry and two-time physics,”
Mod. Phys. Lett. A 28, 1350004 (2013) [arXiv:1203.2642 [hep-th]].
[21] W. Muck, “Very Special Relativity in Curved Space-Times,” Phys. Lett. B 670, 95 (2008) [arXiv:0806.0737 [hep-th]].
[22] S. Upadhyay and P. K. Panigrahi, “Quantum Gauge Freedom in Very Special Relativity,” Nucl. Phys. B 915, 168 (2017)
[arXiv:1608.03947 [hep-th]].
[23] S. Mandelstam, “Light Cone Superspace and the Ultraviolet Finiteness of the N=4 Model,” Nucl. Phys. B 213, 149 (1983).
[24] G. Leibbrandt, “The Light Cone Gauge in Yang-Mills Theory,” Phys. Rev. D 29, 1699 (1984).
[25] J. Alfaro, “Mandelstam-Leibbrandt prescription,” Phys. Rev. D 93, no. 6, 065033 (2016) Erratum: [Phys. Rev. D 94, no.
4, 049901 (2016)] [arXiv:1603.06453 [hep-th]].
[26] J. Alfaro, “A Sim(2) invariant dimensional regularization,” Phys. Lett. B 772, 100 (2017) [arXiv:1704.02299 [hep-th]].
